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INTRODUCTION 
The transition o~ emission spectroscopy from an art 
of the research laboratory to a precise and dependable 
industrial tool has been under way ~or some twenty years, 
and is currently in its final stage.. The change vias 
gradual at first, but accelerating, until today for exarnple, 
-
even the smallest metal processing plant either ov-ms a 
s~ectrograph or purchases the services of one. 
Almost exactly paralleling this change has been the 
development, improvement arid applica tion of the alter-
nating current spark source, as a principal mode of 
s pectrum excitation. 
The correlation of the two developments, at least 
in the metals industry, is not fortuitous. Industrial 
a pplication requires simple, dependable, and pr ecise 
methods--above all dependable. On the other hand, indus-
trial problems are generally repetitive and reas onably 
well defined, thus reducing the requirement of versati-
J 
lity. The alternating current spark, of all available 
me t hods of spectrum excitation, most nearly fulfils these 
requirements. Its range is limited largely to concentrations 
above 100 parts per million by weight, arid it is limited 
principally to samples in solid form. Within these bounds 
this source exhibits a degree of precision and dependability 
unapproachable by other mode s of excitation., The sample 
preparation procedures for metallic . self electrodes are 
extremely simple. Furthermore, even the above mentioned 
limitations on versatility are daily being reduced. Thus a 
source is available which at once provides precise analysis, 
and simple dependable operation, even in the routine indus-
trial control laboratory. 
Yet withal, it is little understood)partly because of 
the inherently different nature of the problem and partly 
because there is little time to do research on an operating 
component of a production line. 
Thus research is lbnited to the universitie s which 
2. 
can afford to use s pectrographic equipment to study that 
equipment itself; to industrial concerns wealthy enough to 
afford both a production laboratory and a research labora tory , 
with the personnel to staf'f them; and to the manufacturers 
of s pectrographic equipment. For this reason, the number ot: 
pa pers describing basic aspects of the A. c. Spark Source i s 
small. 
On the other hand, a large number of papers have been 
written to describe particular modifications of the Spark 
Source for application to s pecii'ic analytical problems. Much 
of t he value of thi.s type of data i s lost because essential 
pararneter values have not been measured and non essential 
ones ha ve. It is impossible to duplicate such a source from 
the data presented in most cases. 
A typical paper of two or three years ago, and to a large 
3 
extent, even today, presents a description of a set of 
Sl;ark source conditions somei·That as folloiis: 
"Using a Company X Source Power Panel, the capacitance 
was set at .005 rt:, the primary current at 9.0 amperes. 
The analytical gap width was 2 millimeters, the prespark 
time was 5 seconds, and the exposure time was 20 seconds.n 
Is it possible for the reader to duplicate the elec-
trical conditions, and thus presumably, the excitation 
conditions used by the author? If' the reader happens to 
possess a Company X Source PoHer Panel of the same model, he 
might come close; otherwise he finds th...at by duplicating the 
the capacitance, primary current, gap, and timing, he does 
not duplicate many, if any, of the observed source and 
s pectrum characteristics described in the paper. 
to a reader familiar with the circuit in the equi pment 
described, as shown in figure {a), it is apparent t hat many 
parameters Here unspecified. 
tA 
~,____....____ _ j c-. 
Figure (a) Actual Spark Circuit 
The additional parameters are 
RP: primary circuit ballast resistance, 
R = discharge cirduit resistance, 
L = discharge circuit inductance, 
Gc= control gap width. 
In order to describe the exact physical situation, 
there are additional factors to be evaluated. For exrunple, 
Primary voltage 
Transformer s pecifications 
Stray capacitance in all circuits 
Stray inductance in all circuits 
Line resistance in all circuits 
Gap configurations 
Gap environments. 
The problem then is, rihat should our author have s pecified 
in order that other workers in the field can duplica te the 
electrical characteristics of his sourcew 
The solution to this problem, at least to a f'irst 
a pproximation is the principal object of this dissertation. 
Actually such a study of the electrical circuit is only 
one of the three major phases of study in spectroscopy. The 
other two ~re: the relations~~p between the electrical cir-
cuit and the s pectra produced, i.e. excitation cr...aracteristics 
of the s ource; and the study of the spectra. 
I:f \-Te wish to determine 1-rha t our .. hypothetical author 
should have specified, rl e should first state t hat he can 
reasonably be expected to lmovi or to measure. 
s 
The f'ollowing is a lis t of measurements and information 
normaJ.ly within the f'acilitie s of' a s pecroscopic laboratory. 
1. Ini'ormation concerning values of' inserted parameters 
such as inductance, capacitance, resis tance, and 
important characteristics of' the spark transformer. 
2 . l•Ieasurements of r. m. s. currents an:)'\i"here in the 
circuit, and voltages of the order of' 5000 volts 
or less. 
Measurements using an ordinary laboratory oscilloscope 
of reasonably short term electrical phenomena 
(greater than 0.1 milliseconds). 
4. Measurements of' gap widths, and s pecifications of 
environmental conditions. 
He cannot normally be expected to measure residual and stray 
impedances. 
Since stray impedances are at least in part independent 
variables, it is important that some one or more measurable 
de pendent variables be determined in order to specify the 
source completely. The most satisfactory dependent variable 
f rom several points of vi·ew is the r.m.s. r.f. current in 
the discharge circlrit. This variable is easy to measure, is 
sensitive to the desired independent variables, and in 
addition, is extremely useful in determining source stability. 
This last, although not a subject for this paper is of 
tremendous practical il1portance to the analytical spectro-
scopist. 
s 
A s econd easily measured dependent variable which is 
of great value in the determination of source stability, is 
the discharge re · eti tion rate, which can be measured vii th an 
oscilloscope. 
In practical operation it turns out that it is simpler 
to s pecify both r.m.s. r.f. current and discharge repetition 
rate than to specify control gap width and atmospheric con-
ditions, unless some special atmosphere is specifically being 
introduced to the gap for the experiment. 
In execution then, this paper 1-rill in the main present 
the development and experimental verification in turn, of t.1e 
relations between the two dependent variables, disclmrge 
repetition rate, and r.m.s. r.f. current, a..."ld the meas1.u:•able 
independent electrical parameters. The total lis t of variables 
-v.rill be reduced to those which from the physics of the 
solution as presented, provide a unique description of the 
electrical source. Neither of these things has been done 
before . Both are essential to the understanding of this 
source as a mode of spectrum excitation. The first as a 
foundation for theoretical expansion into the field of exci-
tation; the second as the only practical means of utilizing 
established methods of excitation. 
It should be stressed that the two dependent variables 
at \ihich the theoretical development of t hi s paper is aimed, 
are not the only ones. There are others which are more 
sensitive to many of the parameters, and perhaps even to 
source s t ability than these t"Yro. Such functions as 
insta..nta.neous r .f'. current, discharge duration, r .:r. 
frequency, all 1-:ill be shmm to be i mportant to the under-
standing of the source operation. Furthermore thes e 
functions give every evidence of' being determinlilg factors 
in the stl1dy of excitation. Hoi-rever, none of these things 
is as simple to measuxe continuously and ql~ntitatively 
as r.m.s. r.f'. current and discharge repetition rate. 
Fundamentally, of course the purpose of any source 
i s to establish a certain type of spectrum excitation. 
The i deal way of' doing this "Yrould be to describe ancl 
duplicate those variables which directly determins excita-
tion. Hmfever, in the present state of spectroscopic 
lmm·rledge, there is as yet not even a good Hay of describing 
excitation in any but a qualitative manner. Thus the study 
of electrical and excitation relations i s a l ar ge unexplored 
field , into which it is hoped the theory presented in this 
paper ilill lead. 
For the present however, we consider only the problem 
7 
of duplicating e~.citation by duplicating the exciting apparatus. 
8 
HISTORICAL REVIEW 
The earliest means . of obtaining a spark discharge -rrhich 
was unable in spectrum analysis, was the static charge collec-
tor . (1) {15) (16) By the use of some such device as the 
1~imshurst machine, (10) a series of high voltage, high energy 
discharges could be produced between two metal electrodes, 
vaporizing and exciting enough metal to enable observation 
of its characteristic spectrum lines as separated in a 
s pectroscope. 
Essentially, such a machine can be described by the 
following circuit: 
" I Collector ( c G 
I~ 
Fig. 1. Static Charge Collector 
The device {or as early models were known - influence 
W4Chine) builds up a charge on the condenser C tmtil the 
voltage developed is sufficient to break down the gap G. 
The condenser discharges through the momentary low resistance 
circuit presented by the ionized gap . When t he charge has 
dissipated enough to be unable to maintain the discharge, the 
cycle is repeated. 
Three variables appear i mmediately: 
1. The operating rate of the collector, i.e. the rate 
of charge accumulation; 
2. The capacitance C; 
3. The electrical characteristics of the gap and 
electrodes G. 
Such a spark, when used as a source of spectra, is called 
an unregulated, condensed spark. In the Uimshurst machine, 
it is in fact unregulated in each of the three major variables 
listed above. First, it is practically impossible with such 
a device to maintain a completely uniform charging rate i.'rom 
spark to spark; secondly, due to the fact that the rotating 
wheels of the machine form part of the capacitance, this is 
not constant from spark to spark; and lastly, the gap and 
electrode characteristics themselves change with each succeeding 
discharge. 
The first stages in the development of the spark source 
were then the stages of regulation of these parameters. Over 
the years, electrical engineering developments have regulated 
the first trm variables. Stable electric power have become 
available in a number of forms. For example; high voltage, 
high poweralternating current transformers and line voltage 
regu~ators today provide regulated po~er beyond our ability 
to regulate other parameters. Similarly, the teclmology of 
dielectrics and condenser manufacture today provides circuit 
constants which, for our purposes, are truly constant. 
The problem of regulation remaining to the spectros-
copist is that of regulating the spark itself. Thus, in 
JO 
the language of the spectroscopist, the study of the 
"regulation" of the spark source is the study of the control 
of the spark gap parameters. The reasons for lack of 
"regulation" in the basic circuit above are simple. First, 
the ionization of the air in the gap by each discharge lowers 
the effective resistance of the gap for the succeeding dis-
charge. Sec~nd, the electrodes are changing due to oxidation 
and to disintegration. 
The methods of curing these ills r~ve led to various 
types of "regulated" s par k sources. No source today can 
truthfu~ly be called completely regulated, but spectroscopists 
have by convention decided to call an~r source, rThich :has made 
at least a partially successful attempt to stabilize the gap, 
a "regulated" source. 
For quantitative measurements of light, produced at the 
s park gap, to be meaningfu~, they must show reproducibility 
and sensitivity. That is, values obtained from different 
measurements on the same electrodes must be the same within 
prescribed limits of error; and values obtained from measure-
ments on different electrodes must differ by enough to enable 
the t"\W sam:ples to be distinguished one from the other. 
The easie s t var i ables to control were the electrode con-
figuration and positioning, although historically these were 
II. 
not t he first to be controlled . It has been found, however, 
t he controlling these parameters is a necessary, but far :from 
sufficient step in source regulation. 
In order to obtain enough light to make measurements 
upon syectra, it is necessa ry to integrate the light produced 
in a large num.ber of discharges . If the results are to be 
reproducible, successive integrations must be equal. They 
will be equal under t"Yro types of situations : 
(1) If the s t a tistical average of the discharges in 
each i ntegration is the same from one integration to another 
0 ,.... 
- . 
(2) If the integrations are i dent ica l in all their 
parts, i.e. they can be equated discharge by discharge~ 
As has been pointed out, in an unregulated source each 
discl1arge is different from the one preceding it due to 
physical changes in the gap. One can anticipate t[l..at the 
mo s t l i kely approach to reproducibility is the one that makes 
each dis cl1arge a s like its preceding and i'ollOi,ring ones as 
possible. The problem of nregu~ating" t he source must be 
pursued with t nis point in mind. 
Due to its pos i tion both as an electrical paramet er and 
as an optical parameter, the gap itself i s difficult to 
tamper 1..ri th during sparlr.ing. 
It is evident that the t iw factors to be controlled 
initially are t he repetition rate and the breakdOi·m voltage. 
Since .these could not satisfactorily be control1ed by the 
variables available in the simple condensed spark circuit 
shm .. J.'l above, it developed that it Hould be necessary to 
insert a parameter into the c i rcuit whi ch would have a 
greater control over the discharge than did the analytical 
gap ; and then to control t his neH variable. 
-The breakdown frequency ancl voltage can be controlled 
by operating on the gap , as for example, by deionizing it 
with a cont i nuous jet of air, but the optical system is 
disturbed. Thus, if optic s were of no importance, the gap 
would be a controlled variable by the use of trus method . 
12. 
The pr actical extension of this reasoning wa s the inser tion of 
another ga p in series with the first. This new gap is n ot 
an optical parameter, and. can thus be manipulated in any "'rray 
desired to make its electrical characteristics satisfactory. 
Such a gap is nmr called a control or auxiliary gap. 
The two gaps in series present a total effective width a t 
t he condenser. This effective gap width is due principal l y 
to t he deionized control gap when the analytical gap has 
been ion ized - a ssuming a method of deionizing the control 
gap . Two methods are in principal use today for performing 
the deionization. 
The first method historically, and one still in use 
i s the Fe us ~;ner synchronous interrupter control gap. (8) 
See F ig. 2. In this t ype of gap the control electrodes 
are separated immediately after discharge and not brought 
together till the time ·nterval has elapsed that is desired 
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betvreen discharges . During this interval , the condenser 
i s charged to breakdovm voltage again. Feussner gaps 
normally consist of pairs of metallic electrodes placed 
diametrically op:pos ite on a circular insulating seat and 
connected electrically. The seat is rotated by a synchornous 
motor so that at inter val s pairs of electrode s are positioned 
near hio f'ixed electrodes in such a way that a gap is pre-
sented to the circuit which will break dmrn at the voltage on 
the condenser a t t hat moment. By positioning the electrodes on 
t he disc, or by changing the number of electrodes , t he d i s-
charge voltage and frequency can be controlled. 
The second, and more recent method of regula tion i s by 
air jet deionization of t he control gap . (11) See Fi g. 3. 
By ad justment of the parameters, a very stable controlled 
r a t e of discharge can be establi.shed at constant breakdown 
voltage . The equipment used in experiment s dee cribed later 
in t his pa per employs t his a i r interrupt ed method of s park 
source regulation. Other typ.es of regulation have r ecently 
been developed , but none has yet been ayplied to the extent 
of the t wo i nterrupter types . 
Exampl es of t hese are ; the "triggered sparktt of which 
good samples are the electronically triggered source s des-
cribed by Braudo and Cla~rton, (3) and Nalpica and Berry; (20) 
and a D.C.. Spar k , described by Geffner, (12) in w.hich a 
switching device is colLDected to the condenser. Trus 
con6en ser i s alter natly switched across a D.C. power supply 

(1 ... 
-
"" ------~--~-----~------------------
and across the gap. This system again controls the voltage 
of each discharge and the repetition r a te of the discharge. 
JG 
The earliest attempts at studying the spark source were 
optical rather than electrical. The information presented 
concerning the actual spark discharge, by such authors as 
Shuster and Hemsalech (22) (13) and Schenk, (21) was not 
much increased for about thirty years Hhen Beams, (2) 
Lawrence and Du..rnl.ington, (17) and Kaiser and 1.Jallraff, (14) 
using substantially improved equipment, were able to measure 
short duration phenomena with more success. Most recently, 
Dieke (4) (5) (6) has advanced the study of t he spark dis-
charge to its present status and has proposed theories on 
the various oscillatory phenomena evolved in the mechanics of 
the discharge , and during the eruption of materials from t he 
electrodes. 
Notable researches have beeri performed on the spark 
discharge independently of its application as a source of 
s pectra by Loeb, (18) Loeb and Heek, (19) and Fisher, (9) 
It was riot until the work of Kaiser and vJallrai'f (14) 
in 1939 that a unified analysis of the electrical theory 
o.:f the reguJ.ated condensed A.C. spark source was begun~ 
These two authors laid the groundwork upon which the pre-
sent day theory of the electrical circuit operation of this 
source is based. Their work was accomplished with the 
Feussner source. 
Erms and \,Iolfe (7) applied the theory of F.aiser and 
Wallraff to an evaluation of energy dissipation in the spark 
gap and to a study of s pectrum line intensity and stability. 
17 
Dieke (4) (5) (6) has show~L the existence of additional 
oscillatory phenomena in the spark discharge, and has es-
tablished tentative mathematical theor ies to explain them. 
Furthermore, he has gradually been establishing a qualitative 
correlation between gap parameters and electrical oscillations. 
At the present time , hoKever , there exists novihere any 
simple quantitative formulation in terms of which an analytical 
s pectroscopist can describe 1-r:Lth some degree of accuracy the 
instrument 1-ri th which he i-rorks, or compare it with the ins-
truments of other workers , or predict its behavior i-ri th other 
parameter values. 
If the gap bet ween theory and application is to be bridged, 
a beginning must be made~ The author presents this };a per a"' 
the beginnine . 
/8 
The ver y natural divis i on of circuit operation is 
th&:t se-·,arating the Ch&r ging Phase :from the Di scharging 
Phase 
PART I. TI-I1i:ORY OF THE CIIPJm I NG PHASE 
The Char_g_ing Circuit 
Until the mement of dis charge , the circuit of the 
Alternating Current Spark Source approximates one con-
t aining serie s resi s tance anc capacitance across rrhich 
a l arge D.C. voltage i s impr es sed . 
_& R~ 2 
i '1/N 1\j\}. t tGA 
EPC'. · c :;, 
t v\/'J 'OmS' JG" 
.& LR 2. 
Fig . 4~ Spark Secondary Circ1rit Prior t o Discharge 
In the figure Eoe as defined in · equation (16), is the 
effective D.C. voltage impressed upon the charging circuit . 
R8 i s the total charg:Lng circuit re s i s t ance. 
Thus , 
{l) R = s :t.. + 
Hhere ~ is the actual resistance i n the secondary 
char ging circuit, and Rp the actual primary circuit 
r e s i s tance . 1J i s t he turns ratio of t he transf'ormer. 
i R i s the resis t ance of the resonru1t or discharge 
circuit. 
L is t he inductance of the resonant or dischar ge 
circuit • 
. i s the capacitance of the secondary circuit. 
i s t he ~~alytical gap . 
i s t he control or auxiliary gap. 
Tran s ient t heory of the charging cir cuit 
The trans ient equation of t he resistance - capa-
citanc e chargi ng circuit ; "' . ..... ...,. 
(2 ) 
'" ·+ 
..\.. ~ 
li> 
or 
(3 ) ~ + '\-
clt R~ c~ 
f'rom uhich 
t' -
(4) - R C k~ ( E u ~ s 
:. 
E \IC , 
Eo 
Rs 
) 
'1> t -r K. 
-ft 
.. 
Applying t he boundary conditions: 
at t = 0 
J 't = 0 _; 
therefore 
(5) K - - R, c. -toa ~: , 
and 
1 E,c 
:> o ~ Eo - 'L,i~ (6) 
vC s is the instantaneous voltage on the capacitor. 
Let us call t his V0 • 
Then, 
(7) t _Qo~ Eve Eve - Vc. ) 
(7a) t 
-
-Rs C 1 (t- ~: } 
The time necessary to charge the condenser to the gap 
breakdmm voltage V 0 is , 
(7b) -R \ 
Althou.gh this section is concerned with t he charging 
portion of' the cycle, its principal point of interest is 
its usefulnes s in determining the number of discharges 
per half cycle of the source. This is pos sible because 
the duxation of t he discharge is usually so short . that 
it can be considered negligibie comp<::'.red to t he charging 
period . Thus to an excell ent a pproximation, the number 
2.0 
2.1 
o£ di s chc;.'r ges per half cycl e will be equal to the number 
of ti.J.ue s the secondary capacitance, cs, can be charged 
to the dis charge voltage V0 • In the £allowing discussion 
a 60 cycle ·Have will be us ed , but the mathematics is ob-
viously not dependent upon s uch a selection. The dura-
tion o~ a half cycle is tht~ taken as ~ seconu. 
l 2.0 
Effective D.C. Voltage 
The discha.rge cannot take place during the :portion 
of the cycle Hhen the transformer secondary voltage is 
le s s than V0 , the gap discharge voltage. 
The effective D.C. vol tage E must then l ie above 
DC. 
V 0 and belo1-r Es, the peak secondary voltage. As 1-rill b e 
s hown l a ter (p . 32 ), a reasonable selection for this value, 
is th.a. t voltage above 1-rhich the secondary voltage spends 
as much time as it does between V0 and that voltage. 
The secondary voltage is 
(8) V = E~ ~ wt . 
(9) At _ ~-I Vo . E~ J 
(10) at \J :: E.s , 1T tAlL = "2: . 
(11) 
Then the selected ve.lue of E must occur at 
Pe 
22. 
(11a) 
(llb) 
(1lc) 
(11d) E~ [ ~ t+ p + ~ t - fo J - ~ 
(12) where ra =hv;_ E-:a. 
s 
Then 
(13) E: - [ + ~ -t- 1- + 2. i 1-p·J 
but 
Yo (l4) ~ }- ~ '" E 
Theref'ore, 
E: E~ v. J (l5) - I;--2. E::. 
(16) Eoc - : ~ +! or 
where Es is the peak secondary voltage of the transformer. 
This can be seeri in figure 5. 
w 
d 
< 
.... 
...1 
0 
> 
Es------~~---~~------------~---
Eoc:- -+/ 
Fig. 5. Voltage Ifulf Cycle - Spark Secondary 
The validity of assuming an effective D.C. voltage 
can ultimately only be checked by compar ing results ob-
tained with it, 1-rith actual experimental observation. 
However, vre can see qualitatively that the error it 
introduces is likely to be small. For example, although 
it i >=> obvious that the rate of charging for secondary 
voltages greater than Ecrc will be greater than the rate 
below E0c , the speeding up and slm-ring down will counter-
act each other. This changing charging rate can actually 
be observed in a discharge pattern which contains many 
breakdowns per half cycle. 
Charging Circuit Efficiency 
The pouer provided by the transformer is from equation(/6) 
t, 
(17) E9C l., c:tt E oc Qo Vo s Es ~ I + Vo - - e: ff 
0 
The power available to the discharge circuit is 
(18) I \J. l. 2 • 
The efficiency of the system i s the ratio of power out to 
pm-1er in, or, 
(19) 
(20) 
a. 
v. 
\jo 
a - E 
Thus the theoretical maximum efficiency is 50%, and the 
actual efficiency is proportional to the gap breakdown 
voltage . The 50% or more of lost power is dissipated in 
the resistance R5 • 
2 5' 
Relation of the Charging Theory to the Discharge Repetition 
The only portion of the half cycle during which a 
discharge can take place, i s that portion lying above the 
points marked V0 • Nathematically the voltage above and 
below which the secondary voltage spends equal times between 
V0 and E5 during this period is given by equation (16). 
Also, since V0 will have been reached at the initial in-
stant considered by such an approacl1, the number of dis-
charges obtained must be increased by one. 
The total time that the secondary voltage exceeds 
E in any half cycle is 
oc. 
(21) TPC. - -1.:2.0 
seconds per half cycle. 
This is exactly hall of the time, 
(22) 1- I " 1 l liO" seconns per 2 eye e , 
which is the length of time in any half cycle that the trans-
former voltage exceeds V0 • The value of E was selected oc. 
in such a way that the transformer voltage exceeds it only 
half as long as it exceeds V , hence equation (21) .. This 
0 
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can be taken as a first a pproximation to the effective 
duration of Eoe . 
Substituting equation (16) into equation (7b), we 
obtain 
seconds per 
charging period, 
seconds per 
charging period, 
or 
seconds per 
charging period. 
Since a charging period i s the interval between discharges, 
it i..rill be valid to substitute the t erm "discharge" for 
the ex.eression ncharging periodtr. 
Taking the reciprocal of (2:3b) v-re obtain 
(24) ..L -t o discharges per second. 
In the time TPc seconds of: any half' cycle , the number of 
discharges , n, ,,rhich i s of course al so the number of dis-
charge s per half cycle, is 
(25) _, 
The term -1 acco unts f or t he i'act that the first dis-
charge has thus f ar been neglec t ed . Here again, t he dis-
charge is a ssumed to be instantaneous. 
Combining equations (21), (24) , and (25), i't'"e obtain 
(26) 
(27) 
2. _, 
- -Tl" 
- I 
-
2 1-0 Rs C lo~ 
By a pplying Obms Lavr, we obtain 
Er s 
I s 
0. 
I T ~ ~ 
-~~ 
where Erms is the r.m.s. secondary voltage of the 
t ransformer 
But (28) -
-
) 
where N is the turns ratio of the transformer. 
28 
Thus 
(29) 
All of' the values on t he right side of thE equation can 
be mea s tu•ed easily, 1-rhereas R i s s ome1-rha t more c5.iffict.1l t 
s 
t o de t er n ine,. 
Subs tituting f'or Rs He obtain 
(30) -I 
EXPERI~lliNTAL VERIFICATION 
Let us checlt this relation Hith data actually 
observed in a spark source. A tabulation of the data 
is as .follows: 
vo 
Es 
Erms 
N 
-
8360 volts, 
35,400 volts 
25,000 volts 
113 
Fig. 6. - Table I - Discharge Repetition 
Rate, uncorrected computation vs. observed 
n n IP amperes Cs r£ 
obs. comp. 
4 4 9. 0 ~01 
9 7 9 .0 .005 
16 13 9 . 2 .0025 
3 0 
Here 
o(. - ~ ~ " ~-l~ • .?. g 
-
\+ do. 1. :>.. ~ ~ . _, , JS2 !oU.N\ (). 
-
- I. II 1T 
-
I - ..a:_ 
. 
-1 d. . &"t g 
o.f2 
-
. 33 "t ,. 
l ·+O.. - Q. fi" - . 7 8 
Ther ef or e f or c~ = .o, JA-+ 
and I P = '=t. O 'Ul1 fer s 
'f. 0 1< • i J.t i' 
"(\ -\ = 2..u. 0 ~ll 3 1' !) JA'1 - g 
-l . 1' v " I 0 K • 3..5" 
Th us , Y\ :::. 1- , v-rhich che ck s the data s a ti sfactorily . 
.Correction of the Theory 
However, the actual m.J.lllb er of di s charges will be 
f or any value of' n frmn n = 4 .. 0 to n:4.9 , since dis-
char ges occur only in integral numbers. In or der to 
obtain satisfactory solutions fo r the other cases 
(Cs - .005, .0025 f f), we would like n in t his case 
to be about 4 . 8 . The discrepancy can be most 3i mply 
ascr i bed t o the assumption as to the duration of the 
ef fective voltage. Instead of being 
(21) T.c. 
.s · -1 Vo - ~ £ 
s 
-----.-- ------x - , 
1r l 0 
.2. 
it s ho uld evidently be 
(
lT . _, Yo ) 
. S IS 2 - .Q.W\ E, 
(2la) ----------------------X 1T" 
2. 
Thus, 
(31) 
1'16 
,2 0 
3J 
4 
Validity of the Correcti on 
The discrepancy lies in the assumed value f or the 
duration of E oc • This can be seeJl in two ·Hays. 
First by intuitive evaluation as follows: 
The assumed value fo r E is intuitively reasonable. 
oc. 
However, since Eoc is grea ter t:b..o.n V 0 , the char ging rate 
of the condenser 1-rill e.hrays be more r apid the.n if E PG 
wer e equal to V0 • Thus the effective duration of Eoe. 
mus t be les s than the duPation of V • (By duration is 
0 
meant t he time during which the transf ormer sine voltage 
exc eeds the voltage considered .) As a fi rs t a pproxime.tion 
the actual duration of E was us ed. In other words it 
Or. 
was assumed that the grea t er charging rate f or sinus oidal 
vol t ag es greater than Eoc rmuld jus t compensate· f or t he 
slower cbarging rate a t s econdary voltages below Eoc:. • 
However it i s not ev en illtuitively reasonable to accept as 
accurate such a linear relationship between exponential 
:functions. Thus it is not s1.1rprising to observe t hat t he 
more rapi d charging rate does not a dd as much as the slower 
rate subtracts . Thus it becomes intuitively reason~ble to 
expect the eff'ective durat i on of E"c to lie between the 
actual durat ion of E and the dura tion of V0 • oc. 
Secondl y vie can show tha t in the example given , sel ection 
of E in any of several ways produces little effect in 
.,c:. 
the soll!_tion . Thus i f the method of choice of E ~c:. doe s 
33 
not contribute to the discrepancy, the choice of effective 
duration must. 
For example, if it is a ;; sumed that the secondary 
vol tage above V0 follows a curve Hhich is a complete half 
sine wave, the average voltage between V0 and Es is 
(32 ) E:: - V. + :.: (E -V.). 
The log term in equation (30) then becomes 
(33) lod' . '~ ''~ V. + E. ) E,- ~ - . 
and - I 
-
.I 
As another example, if vre use the actual mean voltage 
bet'l-ieen V 0 and Es, we obtain 
(34) 
where 1;) 
and 1': 
'lo 
is 
is 
the value of X 
the value of X 
at 
at 
from the equation V= E8 sine X. 
Eval uating the integral, 
(35) 
~. 
V = Es, 
v = vo, 
. -1 v. 
~ -L 
l:. 
The log t erm in equation (30) becomes 
(36) . 6 g 
E ~ H· P -V Y£ s 0 
where 
(37) 
and 
(38) V\-\ -
-
Thus all three methods of selecting E ~c. yield the 
sarne value of n for the same ef'fective duration. It is 
quite natural t hen to expect the discrepancy betl-reen t he 
t heoretical and the act1.1a.l values of n to be due to the 
s election of the effective du~~ation of E QC • 
3+ 
Fig. 7. Table II - Discharge Hepetition Rate 
Corrected Computation vs . Observed 
n l1 amperes 
obs. comp. 
Ip Cs;J 
4 4 9. 0 .01 
9 8 9 . 0 .005 
16 16 9. 2 .0025 
Let us examine equation (31) in more detail. As is 
requirea by the physic s of the problem it r educes to 
= \ at V, = E5 • If V 0 exceeds Es, the solution be-
comes imaginary, which sati sfies the requirement that 
no real discharge can take place. As V decreases, n 
0 
increas es "Hi t hout l imit m1.til a t \Jo = 0 , 1-rhen there is 
no gap, 
Hmrever , this must be interpreted in the light o:f 
the :fact that ve have actually only computed charging 
rates , which we l'.L8.ve rela ted t o discharge frequency. In 
the limits as ~ ~ o, we are simply s t ating that the time 
neces sary to charge a condenser to zero voltage is zero, 
which is of course trivial , and l~s no relation to dis-
charge frequency. 
CONCLUSIONS - CHARGING CIRCUIT 
We have now es tablished a relationship between the 
independent variables and the first of the selected depen-
dent variable ~:; , discharge repetition rate .. 
In doing this, we have demonstrated as important in-
dependent variables, 
Es - peak transformer secondary voltage, 
V0 - gap breakdo-rm voltage, 
Rs - total charging resistance, 
Cs - secondary capacitance, and 
N transformer turns ratio. 
Ip, the r .m. s. primary curr·ent which is much simpler to 
measure can be subs tituted for Rs• 
ss 
Although V0 i s actually dependent upon gap width, the 
relationship is not in general simple , depending upon atmos-
pheric conditions at the gap. Therefore, we will retain V0 
as an independent variable .. 
It is evident then t hat the charging circuit can be 
described by the set of variables 
E ' s 
V0 , Ip' and Cs; or by the set 
n, Ip, and C
5
, where n has been substituted for V0 • 
All of the variables in this set are easily and directly 
measurable. 
As a corollary observation, it is evident that the most 
efficient circuit is one ·n which the transformer selection 
37 
is made so that, within t he requirements of other paramet ers, 
t h e peak secondary voltage is as close as possible to the 
dis cr~rge voltage 
PART II - i'BEORY OF THE DISCHARGING PHASE 
The Discharge Circuit 
Figure 8. Discharge or Resonant 
Circuit of the A.C. Spark Source 
The discharge circuit in standard condensed spark 
sources contains capacitance, resistance, and inductance 
in a series RLC combination. If the gaps are assumed 
instantaneously to present a low resistance at breakdmm, 
the circuit truces the appearance- of an RLC transient 
system. 
Transient Theory of the Discharge Circuit 
The differential equation of the simplified circuit 
is, 
38 
(39) L +R ~ + _j_ O..t c. 0 . 
The general solution to this equat ion t akes the form, 
(40) ) 
where, (±)--R I -(41) VY\1 - - - + LC - 2L 
and ~~ -/Ct) I W\~ - --. (42) - LC 
At time, t = o, the discharge voltage V0 is present on the 
capacitor and t he current is zero; i.e. 'k = CVo and ~~ = o . 
Applying t hese conditions we obtain , f r om t he fir s t, 
( 43) 0'. + f3 = c v 0 .) 
and from the second ; 
(44) 0. 
Thus, 
(45) 
VY\ I - '/Y1 :1. 
and 
(46) 
-
-
The general solution nmr becomes, 
(47) 
The behavior or the circuit can be associated with 
the value of the square root term, '/(5}[_)2..- Xc ' 
• 
This value in turn depends upon the relation between the 
terms R and 2. -.J ~ • 
If' R> 2 V '-/c , then m1 and m2 are both real, and 
the discharge takes the form of a simple exponential 
decay, the rate of which is determ ned by the degree of 
inequality of the two terms. The more R exceeds 2~~ 
the slower becomes the decay rate~ Conversely, as the 
value of' R approaches the value of' 2. ~ % , the decay 
become s more rapid. 
4-D-
At R=zV~, the circuit is said to be critically 
damped, and the discharge takes place most rapidly -
-.rc 
specifically' according to the expression 't = c~ e . 
Both the underdamped and critically damped conditions are 
used in some types of s park excitation, principally in 
the analysis of non-fer"ous materials for low concentration 
elements. 
However, the greates t application of the A.C. spark 
today is with the overdamped discharge circuit. This is 
the case when R< 2. ~ ~ , . and the square root term, 
.,., 
({ t.:):L- ~c , becomes imaginary. \fuere, in the 
underdamped case the equation for q can be expressed as, 
(48) -Rt ( ) ~ ~ e :a. L ~ ~ t\.t + 2. a.. c.~ a.. t ) 
in which, 
(:49) LC. ) 
the overdamped equation becomes 
in Hhich 
. 
(51) .) 
1'rom 'H'hich 
(.52) -Rt ( ~ ~ - - i.. c Vo e -;r ALR ~ 'b t + 2. .i. b CO<\. 'o t ' . o - 2-L 
or, 
-Rt (J ) 
(53) 6- = :~· e aL \~ .,;,. bt + 2't> """'bt . 
.. 
This is obviously a harmonic oscillation super-
imposed upon an exponential decay curve. The :Crequency 
of the oscillation is .JL , and the damping factor is -
.... Rt .2.:rr 
e~ . 
Effect of Circuit Parameters on the Discharge 
1. Inductance: The value of the inductance must always 
be greater than RfC . Holding R and C constant, as L 
increa ses from R.;:.c .. , the frequency increases rapidly to 
a raaximum at 1- = ..B.J;!.. As the inductance increases be-
~ 
yond t his point, the f'requency gradually drops of'f 
assymptotically to zero. 
f 
D 
L 
Figure 9. Freq1.:tEmcy vs. Inductance 
.f.1..Il example of high R and C is R = lOSL, and C = .01 f-f. 
o2.c 
In this case , the value o:f n 
2. is .5 ~· Since this 
value is about as high as is normally encountered, and 
inasmuch as s tray inductance in the circuit usually 
exceeds even this value, it is reasonable to state that 
increa 0ing the inductance in the spark source has the 
effect o:f reducLJ.g t he f undamental frequency. \>Jhen the 
value o:f R:~.C is neglegible compared with L, the 
frequency reduces to the standard resonant circuit 
formula, 
(54) 
J.1..Ilother eff'ect of increasing inductance is to slow 
the decay rate, allowing the high :frequency oscillation 
to continue for a relati vely extended period of time. 
(:5::·) 
Returning to the solution for q, 
CY0 
2.b 
-Rt 
eit 
we can differentiate with respect to t to obtain the 
instantaneous current. Thus: 
. (55) ..(. ~ _ -CVo d:t - 2. 
Depending upon t he value of , the sine 
term can bring i to very high values before t he exponential 
term can have a ppreciable effect upon the Wi1plitude. 
I n view of the practical magnit udes of parameter·s , 
I 
in the spar k source, the tE~rm b can be reduced to ~ L C . • 
R.,. +4t l:ba. 
By the same token the expression, 2. La. b , can be 
2. 
reduced to ~ • Thus, the equation for the ins tantan -
eous current dueing dis charge becomes, 
(56) -..k t e 2.L. AAN\. ~ LC 
rc ~ Let us study the coefficient of the s ine term Vo-.JL e ;l • 
It is this e~pression Hh:;..ch determines the peak value 1,eached 
by the instantaneo~w current during any cycle of t he o s cillation. 
Let 
(57) 
Then 
(58) 
dy 
aL 
Y - v.{t 
= -Y f£L eit(_l - Rt\ =~(Rt-L\ . 0~ L 2L 1.L~) 2-L 1 
Th i s expression is pos itive 
negative for values of t ime 
'-for values of time t > R) and 
L. 
t 4 tf . 
Th us, for a short time after the discharge b eg ins, the 
peak instantaneous current attainable depends inversely up on 
the inductanc e . vfuereas :la ter in the dis charge the peak 
Ct.J.rrent bears a direct relationship to the i nductance 1-ri thin 
an er r or of 1% or less. The first peak of the r.f. current 
is reached at t~ = ~ ~. 
This can be shmn1 by maxi mizing equation . (56) with respect 
to t ime 
J..i 
(59) "';It" = 0 = "0 
or 
0 -~ 
..!l- e -aa.. 
'l.L 
Vo -.!$. [~if t - ~ tJ (60) L e :a.L ~ LC - D. L.C. 
Then 
(61) ~ t 2. 
- ~ ) L.C 
or 
(62) t ~Vl-1 
One of t he wors t s i tuations normally encountered would have 
_, 
: I D J4h J c = I 0 t I \ = t 0 parameter values about as follov-rs : 
In this case t =- L t _, {1o x" J o ~" 
. Jo- '- • This lies within 17& 
LC Thus if t < ..!:.. 
• I R , the peak r.f. curr ent 
is inversely de~endent ~Jon L. In this condition 
,. 
< L. 
'1(' R J 
or 
rr I 
-£ R J 
or 
L.. '4 ~T 1r ) 
) ' 
in an extreme case L - 10- b h, C _ 
Then R < I D rr 
- 8 4 X 10 f. 
The cases ~-rhen R exceeds 3 ohms while C = .04 r f and 
1 ::::. 1 rh are extremely rare. Therefore i t is a reasonable 
general statement t hat peak r .f'. current is i nversely 
dependent uyon inductance. 
2. Capacitance: The value of the capacitance must 
., L 
always be less than · R.a. • As it decreases from t his 
value the frequency increases continuously, becoming in-
f'ini te as C ~ o , provided R and 1 are held constant. 
f 
Figure 10. Frequency vs. Capacitance 
The capacitance has no significant effect upon t he 
decay r ate of the transient. 
The peak instantaneous current is directly pro-
portion.:'.l to the square root of the capac itance. 
3 . Resis tanc e : The value of R must ahrays be less than 
L. 
2 • As it decreases from t his value, the frequency 
I 
increases to the va lue 2.rr ·~L.C • Normall y R 1-;ill be small 
eno 1.1.gh to consider t his to be generally the value of the 
The damping rate is direc tly related to the resistance 
value, and thus the peak current attainable in a~1y cycle 
i s inversely dependent upon the discharge cir cuit resis-
t ance, for ru1y significant value of time t. 
4. Discr.targe Voltage: This parameter is the most effec-
tive upon the instantc:meou.s r.:f. current. It is at once 
the most critical and least stable par2~eters in the 
spark source. 
Peak r.f. Current 
Hi thin an error of le~ss than 1% in t, as shov.n.1. on p .45~ 
t 1r 
the actual peak curr ent t akes 1 lace at ~ L = T. Thus , 
(63) 
- -\1 0 e 
Calculation of Peak r.f'. Current in Specific Cases 
A log plot of C/1 vs. instantaneous r:eak curren t i 
can be made for varying discharge voltages V • The 
0 
current i is of course directly proportional to V0 , so 
that only one curve is actually required. Using t hi s 
chart , Fi~ .. 11, let us examine the char acteristic s of three 
typical spark sources. 
In the firs t: 
/1 
MAX I NSTANTANEOUS r .f. CUIUtENT. F '~· II . 
vs . 
J · C/L 
w 
\ " 
I 10 2 3 6 7 6 7 8 9 2 3 
farads per henry 
C .oo6~ x lo-6 farads, 
L 1000 x 10-6 henries, 
R = 0.5 obm, 
V0 = 15,000 volts, 
C/L has the value 6 x 10-6 f'arads/henry. 
The value of i obtained from the V 
0
: 10,000 volts ~ 
curve is 24.5. Multiplying t his by 1.5 we obtain the 
peak instantaneous current f or the source, 36, 8 runperes 
peak 
or 
The l ength o:f time necessary to reach the first 
I . 
= +f ~ 
t 1T 
2. 
-6 
~ 10 
3.88 x 10-6 seconds. 
In other words., the first peak is reached in jus t under 
4 mi croseconds. 
The frequency of oscillation is 65 kilocycles/second, 
In the second ca se: 
C ,01 x l0-6 farads, 
L 10 x lo-6 henries, 
R - 0.5 ohms 1 
V0 = 15,000 volts, 
Her e C/L = lo-3 :farads/henry, and the peak iristan t aneous 
current, i = 480 amperes! 
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The time required to reach thi s 1~eak is 
t - • 495 x lo-6 seconds. 
The frequency is 
f - 505 kilocycles/s econd. 
For t he third case consider the source: 
c = 
L 
R = 
('> 
-o 
.0025 x 10 farads, 
10 x lo-6 henries, 
0.1 obm, 
V0 10,000 volts. 
Here C/1 = 2 .. 5 x lo-6 farads/henry, and the peak 
ins tantaneous c1n.,rent 
i = 150 amperes. 
The tiffie to r eech the peak is 
t = .. 248 x 10-6 s econds . 
The .frequency, 
f = l .Cl megacycles/second. 
Develo ·,?rnent of t he r .m. s.. r .f, cu..rT'ent 
The effective r.m.s. current pr oduc ed in the t ran-
sient can be de termined as follows : 
-
- . . 
- - ~­
.. - - -- - -
S'l 
S2. 
T 
(64) 
I 
-
..i. :~.. alt 
T 
0 
T 
d.t . 
0 
T 
I~ 
(64a) A -s 
0 
There is little loss in generality if T is taken as 
1T , where n, the number of di scharges per half cycle 
is an integer.. In this case, 
(65) 
(65a) 
( 1-- e--~ 
+L + R~C 
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T above i s t aken a s t he time from initial breakdown 
to total quenching of discharge. 
In most cases R2c << 41, and the eque,tion becomes, 
(66) 
2. RT 1-
-.:--Rt ) 
This i s the r.m.s. current for one discharge. Taking n 
as the nu.mber of di s charges per half cycle of a 60 c. p .s8 
wave , the r .m. s .. current for one s econd is 
I~ -BT ) 12.0 n T . l- . ~ (6?) 
-
n\ ~ 2. 
(68) R 
The r .. m.s. current, usually ref'erred to as the r.f. curr ent, 
Irf, can easily be mea surEJd in a spark sottrce ·Hi th a 
thermoamrne ter . 
Energy Relationships 
A ver i fication of the validity of the foregoi ng treat-
ment of the dis charge circuit can be obtained by energy 
relationshj_ps. 
Equation (18) states that the energy available to the 
dischar ge circuit per half cycle is vG~. In one second 
this energy -v;ould total 
The total energy di s siJ,..a t ed in t he cl. i s charge cir-
cui t i n on e second i s I~ X R . From equ2.tion (68) 
thi~ i s o O ~a. ~ Thus the energy in equals the 
e~ergy out, which i s the de sired r es tlit. Ther e i s af 
course an a ddi tional s ouxce of energy 
directly from t he transformer , but this i s small, of the 
order of 1% of Irf' and ha s been negl ected t hroughout 
t he discussion. 
ss 
CONCLUSIONS - DISCR~RGE CIRCUIT 
we have nov; derived a relationship betw·een the incle-
pendent variable s and the second selected dependent variable 
r.m .. s. r.f. curr ent. 
In addition to the parameters o:f t he char ging circuit, 
Iii , c, V0 , Es 1 IP' and n, 
we have es t abl ished as important, the values of R the dis-
charge circuit resistance, (including gap resi s tance) and L 
the discharge circuit inductance. 
Thus we have es tabli shed as important parameters of thE 
source, the set 
or the set, 
N, C, n, Es' IP' R, L. 
It should be noted that R and L in these sets include 
residual values and gap resistance. If vre add Irf to the 
l ast s et of parameters, we can interpret R and L as inserted 
values of test parruneters. 
The theory a s pr esented then, proposes as a satisfactory 
set oi' source parameters the follo"Yling: 
I P the primary circuit current 
]IJ t he transformer turns ratio 
E s the peak secondary voltage 
vo the gap breakdow~ voltage 
c the s econdary capacitance 
SG 
R the discharge circ~ut resistance (inserted value) 
L the discharge circuit inductance (inserted value) 
n the discharge repetition rate , or number of dis-
charges per half cycle 
Irr- the r.m~s. r.f. current in the discharge circuit. 
During this development several other dependent variables 
were introduced, specifically, T, the disclmrge duration, f, 
the r.f. frequency, and Irf t~e instantaneous r.f. current. 
Brief empirical discussions of the relations between 
T and f, and the other parameters are presented later in 
this pa per. 
EXPERIMENTAL VERIFICATION OF THE DISCHARGE THEORY 
The following list or data was obtained from an 
experimental source unit. 
Analytical gap width, 2n~. 
Control gap width, .100" 
Electrodes, analytical gap, aluminum tn diameter. 
El ectrodes, control gap, tungsten i" diameter. 
Electrodes were cylindrical rods finished flat 
at the facing tips. 
Fig. 12. Table IIIa. 
Spark Circuit Data, Fixed Parameters 
Fig. 12. Table III b. Spark Circuit Data 
Condition L c If R n per 
# ,Mh )A.f Mps. ohms half cycle 
1 Lo .01 18.75 Ro 4 
2 6-t-L 0 •'01 17.0 Ro 4 
3 360+Lo .01 8.0 Ro 4 
4 Lo .01 7.75 2.5+R0 4 
5 Lo .01 5.75 5.0+R0 4 
5$ 
Fig. 12. Table IIIb. (cont.) 
I . 
Spark Circuit Data 
Condition L c I R n per 
# Jl-h ff Ai£s. Ohms half cycle 
6 Lo .01 4.0 lO.Ot-R0 4 
7 Lo .005 14.75 Ro 9 
8 6 ... L 0 .005 13.75 Ro 9 
9 36Q-t-L0 . .005 6 .75 Ro 9 
10 Lo .005 7.75 2.5+R0 9 
11 Lo . 005 5.0 5.0+R0 9 
approx. 
12 Lo .005 3.5 10.0-t-R0 9 
13 Lo .0025 11.0 R 16 0 
14 6-tL0 .0025 9.5 Ro 16 
approx. 
15 360 +L0 .0025 2.5 Ro 16 
16 Lo .0025 6.0 2.5+R0 16 
17 Lo .0025 4.0 5.0+R0 16 
approx. 
18 Lo .0025 3.0 10.0+R0 16 
19 Lo .00125 7.0 Ro 22 
20 6-t-L0 .00125 6.0 Ro 22 
approx. 
21 360-tL0 .00125 1.0 Ro 22 
22 Lo .00125 4.0 2.q+R0 22 
approx. 
23 Lo .00125 2. 5.0+R0 22 
Cases of Residual Inductance 
For residual induct~~nce it can be safely stated 
tha t in cases 1, 4, 5, and. 6, above, 
(69) 
Computation of v . o· 
from case 1, 
60 v: -B 3S3 X JO . )( 4 
~.t X Vo2. I 0 -• 
-) 
Ro 
v1 
= 11'7 x I o' Ro 0 
from case 6, 
_., v.l. 
IS 2..txlo o 
10 + R0 
140 R0 66 .'7 
• '47~5 ohms 
= 70 X 106 
V0 - 8350 volts 
. 
) 
This checks the "Handbook of Physics and Chemistry" :for 
.100 inch gap very closely. 
The next step is to check this new in:formation in cases 
4 and 5. 
Case4: 
'30.7 J< S.i8 
2. .98 
SG.s 
~f = 7.5 amperes, compared with the observed 
value o:f 7.75. 
Case 5: 
I~ 
Jl.f 
7 -i 
60~7~J()xl0 x+ 
S.+E 
3 o. 7 
I~ = 5.55 ampe~es, compared with the observed 
value, 5.75 amperes. 
\<Ie will no"'-T see hovr the :inf'ormation obtained i'or • 01 
f:f capacitance is rela ted to the conditions with another 
val ue oi' capacitance. Cas es 13 through 18> .0025 f":f wi11 
be used i'or this. 
(68 ) 
Once again '\.Ye use 'the equation, (45a) 
1.4 = 
Af 
s o Ve.l. C 'f\ 
R 
1-e--c- · ( -RT). 
For residual inductance L0 only, this again reduces to 
( 69) 
In case 13, if we use thte ·· values of V
0 
and R
0 
obtained 
above, we obtain, 
'7 -Hl 
601C7)4/0 x251'10 xJ6 
.s 
3 5"0 
r>..-9- = u. 1s 
In other words, if there rrere no change in R0 or V0 , a 
change in capacitance !'rom .01 ff to .0025 (!' would 
make no change in Irf• 
Frequency Dependence of R0 : 
There is no reason to assume any change in V0 , so 
that we can ascribe the difference between the observed 
value of', Irf' 11.0, and the figure 18.75 to a change in 
resistance of the circuit. The new value of R is 350 x o."t8 0 .~, ~ 
or R0 = 1.4 ohms. This change is evidently due to skin 
effect. First, since there is a factor oi' t wo difference 
bet w·een the frequencies c;tt .01 /"'~ and .0025 t-f, and these 
fr equencies are in the vicinity 9f a megacycle, skin 
effects in the copper tubing used for source connections 
is a large factor. From Terman .<2·3) (chart p.23 ) a 
!'actor, of two change in frequency yields a change of' a 
factor . of 1.5 in resistance of a tubular conductor. 
Actually, much of the resistance occurs as contact re-
sistance at connections between circuit elements and to 
reactance effects between neighboring conductors and such~ 
resistancesincrease with frequency at a higher rate 
tl~n tubular conductor resistance. Thus a factor of 
1.5 is an absolute minimum, and a factor of 3 is not 
unreasonable. Since this cl~nge is due entirely to 
rrequency change, we can satisfy ~he requirements so 
far by saying that 
('70) 
in the frequency range that we are working. 
Applying this relation to conditions 7 and 19, we 
obtain the following results. 
For condition 7: 
The frequency is '{2 times that of condition 1, in 
which Ro .5 ohms. 'rherefore, 
and ~84 ohms. · 
Then 
., -~ 
so~71C/o '14Sx 10 ')( 9 2.2.5 
.8+ 
Irf = 15.0 E~peres, which checks well with the 
observed Irf of 14.75 amperes. 
For condition 19: 
The frequency is ff times that of condition 1. 
Thus 
and 
R0 2.4 ohms .. 
Then 
7 -/0 
60 t-7 7' 10 >' /2.S x /0 X 22 4&.2. 
. 2.+ 
I"'1 = 6.95 amperes which checks the observed 
value of 7.0 amperes. 
Table (2) is a comparative tabulation of observed and 
computed parameter values to this point~ 
As yet we have learned nothing about L0 , the 
residual inductance, and thus we cannot s pecify the 
frequency at residual inductance. We a re consequently 
unable to specify the constant of proportionality K 
for residual resistance in terms of frequency. Wavemeter 
te s ts have indicated, for example , that condition 13 is 
close to one megacycle in frequency, so that the range 
of frequencies, where only residual inductance is pre-
63 
sent, i s fairly well tied between 500 KC and a few 
megacycles. 'fe can expect tha t the resistance-frequency 
relationshi p will cease to be valid much below 100 KC 
) (23) ~ {Terman Sec. 2 Par. 2-5 , ~o that the d.c. resistance 
of the source network is probably about 0.1 ohms. 
Fig. 13. Table -··:tv Observed vs. Computed Parameter 
Values for Residual Inductance 
Condition c Ir:r Irf R R n 
# ,AA.:f ' amps amps ohms ohms per i cycle 
obs. obs. comp. obs. comp. obs. 
1 .01 18.75 0 . 5 4 
4 .01 7.75 7.5 2. 5+ 3.0 4 
5 . o1 5.75 5,55 5.0 + 5.5 4 
6 .01 4 . 0 10.0+ 10.5 4 
7 .005 14.75 15.0 .84 9 
10 .005 7.75 7.5 2.5+ 3.34 9 
11 .005 5.0 5 . 6 5.0+ 5.84 9 
approx. 
12 .005 3.5 4.1 10,0+ 10,84 9 
13 .0025 11.0 1.4 16 
16 .0025 6.0 6.7 2.5 + 3.9 16 
17 .0025 4.0 5.2 5,0+ 6,4 16 
approx. 
18 .0025 3,0 3.9 10,0+ 11. 4 16 
19 ,00125 7.0 6.95 2.4 22 
22 .00125 4 . 0 3.2 2.5+ 4.9 22 
23 .00125 ap~rox. .o 2.5 5.0-r 7.4 22 
Cases "Hith Higher Discharge Circuit Inductance 
Discharge Duration: "\ll e wj.ll assume tr.LB.t the 360 J4 h coil 
used had a Q of' about 100 at frequencies nec:.r 100 KC, see 
Terman (23) Fig. 49 , P. 7~> . It is also reasonable to 
6G 
as s ume tha t residual induc:tance is small compared Hith 360 jt h• 
The f'req uency at .01 ) A. f' capacitance and 360 r h indue- · 
tance is 84 KC . 
Then wL = 190 ohms, and for Q = 100, RL = 1. 9 ohms. 
At this f'requency we can take R0 = 0 . 1 ohms. 
For case 3, then, 
or 
Then 
and 
Thus 
., -a 
= G+ = 60"1"' 10 l' JO x+ 
2 0 
128 
l S8 = ( 1- e~•) 
T 
T 6 l -6 ' = 2'0 x 0 seeonas . 
. 7 63 
1 2 37 ) 
J. ++ . 
If 1-le next consider ease 15, we can assume the same Q 
value, giving us RL = 3.8 ohms. R0 can be taken as 0.20. 
r bt · T -- 15 X 10-S ' rle o aln, seconas. 
In case 9, we can take R._ = 2.66 , and R0 = 0 .1. 
'i>Je then obtain T = 140 x 10-6 seconds. 
In case 3, the frequency is 84KC. 
The time for one cycle is ll.9xlo-6 seconds. 
In case 9, the frequency is 119 KC. 
The time for one cycle is 8.4xlo-6 seconds. 
In case 15, the frequency is 168 KC. 
The time for one cycle is 6.0xlo-6 seconds. 
In case 3, the dt~ation of T was 22 cycles. 
In case 9, the duxation of T was 16.5 cycles. 
In case 15, the duration. of T was 2 ,". 5 cycles. 
In case 21, the duration of T was 0.86 cycles. 
The frequency in case 13, is approximately 1.5xlO' 
c.p.s. From this we can establish L0 approximately 
as 5 fh· 
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In case 2, asstnne that Rt:> = 0.25; 
if Q = 200 
R~ is negligible. 
Assume 
,25 X 2.8<j 
-
Lo = ~ fh. 
/ 68 C-e*) 
72 
-TIT 
-.2..>T 
1 - e--rr-
-.2sT 
e II .S12. 
T 
""4-t , SG 
T 24.6 x lo-6 seconds. 
The time f'or one cycle is 2xJ.o-6 seconds. 
Therefore , T = 12.3 cycles. 
In cas e 8, 
Q = 200, 
RL is small; 
qs 7 -Y GO X 7 )( /0 X 5 X 10 }It Cf ( -.s-T) 1- e-,-, 
and 
I 
+ 
' T 
I 
T 
-11 . 
2. 1T X 3.S X 7 ;.< I 0 
-6 1. S2 x 1 o seconds. 
T = 15.2 ·x 10-6 seconds or 10 cycles. 
G'i 
In case 14 , 
'lO.S" 
-
T= 
-
R -o- 0 .8 ohms 
fbi ( :fl.) 
-:g 1- e ·,, 
8 X 1 0 - 6 seconds 
7.3 cycles. 
~ 2 1T v II X I 0-6 X 2 s :>< I 0-IO 
I 
T 
- 8 1T~.3S><IO 
_, 
1.10 x JO s econds . 
In ca s e 20, R0 = 1 . 5 ohms 
3b 
7 -10 
60 )< 7 )< JO )< /2..5" X ID )< 22. 
}.5 
(I ~) · \- e II 
T = 4.65 x lo-6 second s 
= 6 cycles. 
t 2 rr y, b ~ 1 o" .x , 2. s- x , o -IO 
-8 t 2.1f X 3.5 X 3.5"3 X /Q 
....L 
f 
- -1.:. 
, 7 7 5 x I 0 seconds. 
10 
-· To summarize the data i' or the cases with added inductance, 
Fig. 14. Table v. Computed Parameter 
Values - Added Inductance 
Case c Ro+RL T RT T equivalent 
in # of' cycles 
for ].6 ~h 
• 
24.5xlo-6 
Q 
2 .OJ. )LX .25 6.1xJ.o-o 12.5 
8 .005 .50 15xlo-6 6.oxlo-6 10 
14 .0025 .8 8xlo-6 6.4xJ.o-6 7 
20 .00125 J..5 4.5xlo-6 6.75xJ.o-6 6 
for 360 .w.b 
., 
3 .OJ. p.f 2.0 260xlo-6 520xlo-6 22 
9 .005 2.75 J.4oxJ.o-6 385xJ.o-6 16 .. 5 
].5 .0025 4.0 J.5xJ.o-6 60xlo-6 2.5 
21 .00125 5.6 3.6xlo-6 · 20xJ.o-6 .86 
12. X 12. PER INCH 
GUARAN TEED " ALL RAG PAPER " 
I O STON 10, MASS. 
MADE IN U. S. A. 
Relation of Inductance to Discharge Time 
It is difficult to separate the effect of discharge 
time from the effect of inductance upon r.f. current. A 
graph of' the data given above (fig. 15) indicates a con-
sistant interdependent pattern to the results. Although 
insufficient data is on hand at this writing to prove it 
po sitively , it seems probable that a family of ClJrves 
exists such that the variation of T with ca}.;acitance re-
duc es for climinisb.ing inductance, approaching a conditi on 
of invariance for zero inductance. 
7Z 
It can also be noted that for the lov inductance 
value, the :r;roduct, RT , was essentially constant. This 
conclusion seems generally to check the curves given by 
Dieke. (4) However , for the high inductance, this i s not 
the case. \Vhether this is due to errors in the a s sumptions 
to this point, or whether it represents the true physical 
picture , cannot be determined until a study is made of 
di s charge duration under t hese conditions. 
7 3 
CONCLUSIONS - EX.PERH 1ENTAL ~.2RIF'ICATION 
It b.as here been veri.fied tha t for source circuits 
containing residu~l inQuctance, the theoretical relation-
shi p betrreen Irf and the independent variables is valid 
to a satisfactory degree of accuracy. It was demonstrated 
t hat residual res istance is not entirel y an independent 
variable, but i s ac tually i n part frequency dependent. 
Thi s , of course , implies :l t s dependency upon cir ctli t in-
ductance and capacitance.. For the s pectroscopis t, then, 
t he n ecessit y o:f determin:Lng the value of residual resis-
tance is el i minated by the simple measurement of r.m.s. 
r .f. cu~rent, Irf• 
In the cases where higher inciuctance v-ras used , the 
t heoretical relation was assuraed to be correct, and r.ras 
t hereby used to obtain empirical infom.ation concerning the 
behavior of another dependent variabl e, discharge duration., 
The purpos e iJ:l t his was twofold. 
First, to determine whether such a relation "Yrould produce 
value s of di s charge duration which a re of the order of mag-
nitude indicated by existing experimental evidence (4), (5) , 
(6 ), (14). The values obtained are actually quite reasonable 
in view of such evidence., 
Second, to make a start i n the direction of establishing 
a relationshi p, functional or graphical, between discharge 
dUJ.:•at i on and the independent value s . 
Prediction of Discharge Linearity 
An example of the :factors Hhich have been ignored in 
the foregoing approach to the problem, is the apparent 
7i-
linear·i ty of the instantaneous r .f. current decay for small 
circuit resist&nce. This has been described by Kais er and 
Wallre.ff , {14) and \:Jolff and E:nns. (7) A study of' cuxves 
obtained by Dieke (4) (6) indicates the same e:ffect. 
Since the decay envelope is the only portion of the 
earlier argument affected, let us carry over all but the 
exponential term unchanged in the instantaneous r.f. cu.rrent 
equation. The exponential ter m 1-re will replace 1--rith one linear 
in time. Thus 1-re have 
(71) 
. 
L - - \J 
" 
where A is a constant. 
At time t = T, the duration o:f the discharge, the current 
must drop to zero. This as~:umption i s open to some question, 
since there is no real ev:idence to show whether the current 
goes uniformly to zero, o:r drops suddenly to zero from some 
point of minimum ignition. Thus 
-'J. ff (72) . c. 
Thus far we have no satisfactory means ror intro-
ducing resistance into the rormula. However, there is 
some evidence as stated earlier in the paper to indicate 
a pos s ible inverse relationship between T and R, i.e. 
C73) RTrv K, 
where K is a constant. 
Introducing this assumption in the equation we 
obtain 
_\J 
0 
At this point we note that ror small values of the 
75 
~ 
2.L , equation (38) reduces by series approxima-term 
tion to, 
(,75) l 
The similarity between equation (51) and (52) is apparent. 
IT we a ssume, ror Rt small, that T is directly 2.L 
proportional to L, then we have tied the new inrorma tion 
76 
to the previous ly developed t heory and . added a nevr rela tion-
shi p between parameters, albeit over a limited range . 
Photographs by Kai ser and vTallraff (14) indicate t hat this 
a s s umption is reasonable. 
Thus the validity of the origina l approach is s upported 
by its ability to cope vli th t his additional evidence. 
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The alt ernating Current S}Jark Source has become the 
principal mode of excitation for indus trial spectrographic 
a.n&.lys is. 
This paper approximates the very compliCEtted exact 
probl em of t he electr i cal ber~vior of the Alterna.ting 
Cur rent Spark Source by r(~duction to problems for YThich 
d irect s olutions are pos s:ible. By means of t his treat-
Sf 
ment it es tablishes the rel a tions between the two dependent 
variabl es , discharge repetition rate, and r.m.s. r.fw 
current, and t he meas ureabl e independent el ectrica.l para-
metel'S . The total lis t of variables i s reduc ed to t hose 
wl i ch fr orn the physics of the solution as pres ented pro-
vide a unique de scr i ption of the electrical source. 
The mos t general fo~m of the Alternating Current Sparlc 
Source can be represented by the following electrica l circuit. 
power 
input c 
Figure I 
1~1ere G i s t he effective di s charge gap 
L 
G 
L is the di scharge circuit inductance 
RRis the discharge circuit resistance 
C is the secondary capacitance 
~. is the resistance of' the trans:former secondary 
X is the transformer 
and RP is the resistance of' the primary circuit. 
In this treatment the source is approximated by two 
principal circuits which are assmned to :ftmction 
independently. 
The :first o:f thes e is called the charging circuit. 
It is t aken to be an R-C circuit in rThich a transient 
current is developed by the introduction o:f an effec-
tive D.C. voltage :from the transformer at time zero. 
This circuit is sholm. schematically by the 
follorring diagram 
Rs 
I '\j\, l c EDC T J 
Figure II 
Here E0c is the effective D.C. voltage impressed 
on the circuit at time zero, Rs is the e:ffective 
secondary circuit resistance, including such resis-
tance as is reflected into the secondary from the 
primary by the use of the turns squared ratio, and C 
is the secondary capacitance. Thus the transient 
equation for the instantaneous charge q in the con-
denser C is 
during the charging cycle. 
The boundary condition is, q =- o at t=.o. 
The second circuit is an R-L-C circuit including 
the discharge gaps. A transient current is developed 
in this circuit by the effective reduction of the 
gaps to a low resistance during discharge, when the 
voltage of the capacitance reaches a given value. 
The discharge circuit is represented schematically 
in the follorring diagram_. 
1..-----.JW--'OIJ15'----.l . C R L t 
G j 
Figure III 
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where t he par a.Jlle ters are the same a s in the overall 
circuit shown above. It should be noted t hat R includes 
the effective resistance of the discharge gaps. Thus the 
t ransient equat ion for t he ins t ant aneous charge q in the 
condenser C is, 
~ R~ tt L dta + « d:t + C = 0, during the discharge cycle. 
The .boundary conditions are: 
d'i-
at time t = o, q =.V0 and~ = 0. 
By the use of the Char ging Circuit approximation t he 
foll owing things are shown: 
1. The effi ciency of the source in making energy 
available for the discharge can never exceed fifty per 
cent, and is in fact, 
Yo 
I E~ 
- ff- ~ I+ v. Es ) 
where i s the efficiency of t he system, V0 is the gap 
breakdo~>m voltage, and E is the peak rated secondary 
s 
voltage of t he transformer. 
2. The discharge repetition rate, n, f or a 60 
cycle input i s given to a reasonable approximation by 
the relation 
I, (1- 2 . -· 'J, ) ~lT E~ 
V\ _, 
~ + Vo 
1 q' N E_. W\~ c loa E;" ~ l + '1.L \Jo --Es E. 
"Ihere Ip is Clll"rent in the tran sformer primary, 
N" i s the turns ratio of the transformer, 
{2: 
Erms i s the rated r .. m.s. secondary voltage of the 
transformer, and 
C is the secondary circuit capacitanc e . 
Throughout the treatment of the charging circuit the 
a pproximation i s made t hat the duration of the di s charge , 
during 'Hhich the voltage on the capacitor C drops to z ero, 
i s negligible. In other iWrds, the ins t ant the voltage on 
the capacitor C reaches the discharge voltage V , this 
0 
voltage drops to zero, and the charging cycle starts over 
a gc-,in. 
By the use of th~ dis charge .circuit a pproximation the 
follmdng things are shm .. 1.1: 
1. Peak r.f. cur·rent i s shovm to be 
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1-Jhere Vo i s again gap breakdmm voltage, 
c is s econdary circuit capacitance 
L is dischar ge circu.i t inductance 
and R is di s charge circuit resis t ance. 
A graphical representat i on of thi s relat ion i s given in 
f igure 11 . 
2 . 1l'he mean r.f. clU~r ent, vhich i s relat ed to 
overall light i n t ens i ty output of t he source i s shm·m 
to be 
(' e-¥) 
, for a 60 cycle input. 
vlhere Vo is gap breakdmm volt age 
c is secondary circuit capacitance 
L i s dischE~rge circuit inductance 
R is discharge circuit resis t a...l"lce 
n is di s charge repetition rate 
and T is t he t ime from j_nitial breakdmm to total 
quenching of any di schar ge. 
Throughout the treatment of the dis charg e circuit i t 
i s assumed that t he current supplied directly from the 
transformer i s negligible compared ·...ri th the circulating 
r.f'. transient curr ent developed in the dis chc..rge circuit ~ 
The :folloving parameters are e s t abl ished as su:ff i-
cient to des cribe an Alternating Current Spark Source. 
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Ip the primary current 
N the tre.n sformer turns ratio 
the peak rated secon(ary voltage of' t he transformer 
the dis charge voltage 
c t he secondary capacitance 
n the nU17l.ber of dis charges pel"' hal:f cycle 
R the series resi::>t ance of the di scharge circuit 
L the series ind uc t anc e of the dis charg e circuit 
T t h e duration time of' a single disct!.Cl.rge. 
The clu.ration time T of the d i s charge is only im-
portEmt in those cas es where the series ino.uctance L is 
a pj:.. :reciable . If L is small , the mean r . f. current equ.e. tion 
reduces to 
2. 
60 \Jo C V\ 
R 
When inductance is a dded to the source , the t erm 
(1- e--F ) must be retained . It is shm-m that T is dependent 
in a c omplica ted 'rray upon the capacitance and the inductance, 
and a firs t a pproach i s m;:..de to a graphical presenta tion of 
t h is relationship.. This :is shmm in figure 15. 
As inc"lice.tion of the validity and t he value of this 
development, the i'ol1ov-ring thing s are shm~n. 
1. The ener gy dissipated in the discharge circuit, as 
comr'"'uted from the above developed eq1:t&tion :for Irms' i s 
exactly equc.l to the energy made available to t "1e d~Lscharge 
c ircuit, a s expres sed simply by t C v: . This indicates that 
S8 
·-the theory has reta ined energy relationships coi-rectly 
in the circuit. 
2 . The predicted values of Irms as obtained from 
the above relations corrE!spond very satisfactorily with 
data obtained experimentally f r om an actual spark source. 
3. The theory in t .. e case of high inductance values 
produces values of discha.rge d1.U'ation '-rhich are of the 
order of magnitude indicated by exis ting experimental 
evidence. 
4. The theory developed above is capable of' in-
elud ing and explaining the observed phenomenon of linearity 
in the decay of instantaneous r.f. current for small dis-
charge circuit re s istance:. 
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